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Abstract
Writing the Hirota-Satsuma (HS) system of equations in a symmetrical form we find its local and
new nonlocal reductions. It turns out that all reductions of the HS system are Korteweg-de Vries (KdV),
complex KdV, and new nonlocal KdV equations. We obtain one-soliton solutions of these KdV equations
by using the method of Hirota bilinearization.
1 Introduction
After Ablowitz and Musslimani introduced nonlocal type of reductions [1]-[3] we witnessed several works
about finding new integrable nonlocal nonlinear partial differential equations and obtaining different kinds
of solutions of these local and nonlocal equations. In particular, most of the works were focused on nonlocal
nonlinear Schro¨dinger equations (NLS) [1]-[14], nonlocal modified Korteweg-de Vries (mKdV) equations
[2]-[4], [8], [15]-[18], nonlocal sine-Gordon (SG) equations [2]-[4], [19], and so on [20]-[33].
Recently, it has been shown that systems admitting nonlocal reductions have discrete symmetry transfor-
mations leaving the systems invariant. In [34] we showed that a special case of discrete symmetry transfor-
mations are actually the nonlocal reductions of the same systems. The connection between local and nonlocal
reductions was given in [35], [36]. Among all the nonlocal equations presented so far in the literature, nonlocal
KdV equation is missing. It is not possible to obtain it from the nonlocal reductions of the AKNS system.
For this purpose, we use the Hirota-Satsuma (HS) system and its reductions.
The original HS system of equations [37]-[47] is given by
apt =
1
2
pxxx + 3ppx − 6qqx, (1.1)
aqt = −qxxx − 3pqx. (1.2)
The above form of the HS system is not appropriate for consistent local and nonlocal reductions. It is more
useful to map it to a more symmetrical version. By letting
p =
1
2
(u+ v), q = γ(u− v) (1.3)
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with γ2 = 14 , we obtain [48]-[52]
aut = −uxxx + 3vxxx − 6uux + 6vux + 12vxu, (1.4)
avt = −vxxx + 3uxxx − 6vvx + 6uvx + 12vux, (1.5)
where a is a constant.
It is possible to obtain soliton solutions of the above symmetrical HS system by the Hirota bilinearization
method. The bilinearizing transformation and the Hirota bilinear form of the original system (1.1) and (1.2)
were given in [37]. By using the result of [37] with the transformation (1.3) and introducing two additional
constants u0 and v0 and by letting u = u0 + 2(ln f)xx +
g
f and v = v0 + 2(ln f)xx − gf , we obtain the Hirota
bilinear form of the system (1.4) and (1.5) as
(aDt + 4D
3
x + (18u0 − 6v0)Dx){g · f} = 0, (1.6)
(aDxDt − 2D4x − 6(u0 + v0)Dx){f · f} = −12g2. (1.7)
In this work we find the reductions of the HS system (1.4) and (1.5). All the reductions of the HS system
gives a kind of KdV equation. We find the standard KdV equation
aut = 2uxxx + 12uux (1.8)
from the real reduction, complex KdV equation
aut = −uxxx + 3u¯xxx − 6uux + 6u¯ux + 12uu¯x (1.9)
from the complex reduction, nonlocal KdV equation
aut(x, t) = −uxxx(x, t) + 3uxxx(−x,−t)− 6u(x, t)ux(x, t) + 6u(−x,−t)ux(x, t) + 12ux(−x,−t)u(x, t) (1.10)
from the real nonlocal reduction, and complex nonlocal KdV equations
aut(x, t) = −uxxx(x, t)+3uxxx(ε1x, ε2t)−6u(x, t)ux(x, t)+6u(ε1x, ε2t)ux(x, t)+12ux(ε1x, ε2t)u(x, t) (1.11)
from the nonlocal complex reductions, where ε21 = ε
2
2 = 1. We give the derivation of all these equations in
Section 3. In Section 4 we obtain the one-soliton solutions of the above local and nonlocal KdV equations
by using the one-soliton solutions of the HS system obtained in Section 2 and the reduction constraints.
2 One-soliton solutions of the HS system
To obtain the soliton solutions of the reduced equations we need the soliton solutions of the HS system. For
this purpose, we use the Hirota bilinear equations given in (1.6) and (1.7).
Let g = εg1 and f = 1 + ε
2f2 where g1 = ce
θ1 for θ1 = k1x + ω1t + δ1 and c is a constant, in the Hirota
bilinear equations (1.6) and (1.7). From the coefficient of ε, we get the dispersion relation
ω1 =
−4k31 + (6v0 − 18u0)k1
a
(2.1)
2
if c 6= 0. The coefficient of ε2 gives
af2,xt − 2f2,xxxx − 6(u0 + v0)f2,xx = −6c2e2k1x+2ω1+2δ1 (2.2)
yielding
f2 = A1e
k2x+ω2t+δ2 +A2e
2k1x− 8k
3
1
a t+2δ1 , (2.3)
where
ω2 =
2k32 + 6(u0 + v0)k2
a
, (2.4)
and
A2 =
c2
8k21(k
2
1 + 2u0)
, (2.5)
and A1 is an arbitrary constant. For c 6= 0, A1 6= 0, the coefficients of ε3 and ε4 vanish if
k2 = k1 ±
√
−k21 − 4u0. (2.6)
Take ε = 1. Hence one-soliton solution of the HS system (1.4) and (1.5) is given by the pair (u(x, t), v(x, t)),
u(x, t) = u0 +
c(eθ1 +A2e
3θ1 +A1e
θ1+θ2) + 8k21A2e
2θ1 + 2A1k
2
2e
θ2 + 2A1A2(2k1 − k2)2eθ2+2θ1
(1 +A1eθ2 +A2e2θ1)2
, (2.7)
v(x, t) = v0 +
−c(eθ1 +A2e3θ1 +A1eθ1+θ2) + 8k21A2e2θ1 + 2A1k22eθ2 + 2A1A2(2k1 − k2)2eθ2+2θ1
(1 +A1eθ2 +A2e2θ1)2
, (2.8)
where θ1 = k1x+ω1t+ δ1, θ2 = k2x+ω2t+ δ2 with the dispersion relations (2.1) and (2.4), and A2 is given
by (2.5). Here A1, a, c, k1, δ1, δ2 are arbitrary constants and k2 = k1 ±
√
−k21 − 4u0.
3 Reductions of the HS system
For the HS system (1.4) and (1.5) we have two local and two nonlocal reductions.
(a) Local reductions:
(i) Real reduction: v(x, t) = ku(x, t), k is a real constant.
The system (1.4) and (1.5) consistently reduces to the well-known KdV equation
aut = 2uxxx + 12uux. (3.1)
(ii) Complex reduction: v(x, t) = ku¯(x, t), k is a real constant.
Under this reduction the system (1.4) and (1.5) reduces to the complex KdV equation
aut = −uxxx + 3u¯xxx − 6uux + 6u¯ux + 12uu¯x, (3.2)
consistently, if a = a¯.
(b) Nonlocal reductions:
(i) Real nonlocal reductions: v(x, t) = ku(ε1x, ε2t), ε
2
1 = ε
2
2 = 1, k is a real constant.
3
When we apply this reduction to the system (1.4) and (1.5), it yields that to have a consistent reduction
we must have k = 1 and ε1ε2 = 1 i.e. ε1 = ε2 = −1. Hence we get the reduced nonlocal ST-reversal KdV
equation
aut(x, t) = −uxxx(x, t) + 3uxxx(−x,−t)− 6u(x, t)ux(x, t) + 6u(−x,−t)ux(x, t) + 12ux(−x,−t)u(x, t). (3.3)
(ii) Complex nonlocal reductions: v(x, t) = ku¯(ε1x, ε2t), ε
2
1 = ε
2
2 = 1, k is a real constant.
This reduction reduces the system (1.4) and (1.5) consistently if k = 1 and a = a¯ε1ε2. Therefore we have
the following nonlocal complex KdV equations:
aut(x, t) = −uxxx(x, t)+3u¯xxx(ε1x, ε2t)−6u(x, t)ux(x, t)+6u¯(ε1x, ε2t)ux(x, t)+12u¯x(ε1x, ε2t)u(x, t). (3.4)
Explicitly, here we have three nonlocal complex KdV equations.
(a) S-reversal nonlocal complex KdV equation:
aut(x, t) = −uxxx(x, t) + 3u¯xxx(−x, t)− 6u(x, t)ux(x, t) + 6u¯(−x, t)ux(x, t) + 12u¯x(−x, t)u(x, t), (3.5)
where a is a pure imaginary number.
(b) T-reversal nonlocal complex KdV equation:
aut(x, t) = −uxxx(x, t) + 3u¯xxx(x,−t)− 6u(x, t)ux(x, t) + 6u¯(x,−t)ux(x, t) + 12u¯x(x,−t)u(x, t), (3.6)
where a is a pure imaginary number.
(c) ST-reversal nonlocal complex KdV equation:
aut(x, t) = −uxxx(x, t) + 3u¯xxx(−x,−t)− 6u(x, t)ux(x, t) + 6u¯(−x,−t)ux(x, t) + 12u¯x(−x,−t)u(x, t), (3.7)
where a is a real number.
4 One-soliton solutions of the reduced KdV equations
Using the soliton solutions of the HS system obtained in Section 2 and the reduction formulas we obtain
one-soliton solutions of the reduced equations.
4.1 One-soliton solutions of the reduced local KdV equations
(i) v(x, t) = u(x, t) (KdV equation).
This reduction relation holds if u0 = v0 and c = 0 yielding A2 = 0 and g(x, t) = 0. Hence we obtain the
one-soliton solution of the equation (3.1) as
u(x, t) = u0 +
2A1k
2
2e
θ2
(1 +A1eθ2)2
= u0 +
k22
2
sech2
(θ2
2
+
δ
2
)
, (4.1)
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where θ2 = k2x +
(2k32+12u0k2)
a t + δ2 and A1 = e
δ. Here k2, a, u0, δ2, δ are some arbitrary constants. For the
real parameters this solution is a soliton solution.
(ii) v(x, t) = u¯(x, t), a = a¯ (Complex KdV equation).
Let −k21 − 4u0 ≥ 0 i.e. u0 ≤ −k
2
1
4 , k1, u0 ∈ R yielding k2 ∈ R. If we use the Type 1 approach [7], [8], [15]
we get the following constraints on the parameters of the one-soliton solution of the reduced complex local
KdV equation (3.2):
1) v0 = u0, c = −c¯, k1 = k¯1, eδ1 = eδ¯1 , eδ2 = eδ¯2 , A1 = A¯1, (4.2)
2) v0 = u0, c = c¯, k1 = k¯1, e
δ1 = −eδ¯1 , eδ2 = eδ¯2 , A1 = A¯1, (4.3)
3) v0 = u0, c = c¯, k1 = k¯1, e
δ1 = −eδ¯1 , eδ2 = −eδ¯2 , A1 = −A¯1. (4.4)
The above sets of the constraints give similar solutions. Let us consider the first set of the constraints. Let
c = iα, α ∈ R. Hence one-soliton solution of (3.2) is
u(x, t) = u0 +
iα[eθ1 +A1e
θ1+θ2 − α2
8k21(k
2
1+2u0)
e3θ1 ] + 2A1k
2
2e
θ2 − α2
k21+2u0
e2θ1 − A1α2
4k21(k
2
1+2u0)
eθ2+2θ1(
1 +A1eθ2 − α28k21(k21+2u0)e
2θ1
)2 , (4.5)
or equivalently
|u(x, t)|2 =
(
u0 +
2A1k
2
2e
θ2 − α2e2θ1
k21+2u0
− A1α2e2θ1+θ2
4k21(k
2
1+u0)
(1 +A1eθ2 − α2e2θ18k21(k21+u0) )
2
)2
+
α2
(
eθ1 +A1e
θ1+θ2 − α2e3θ1
8k21(k
2
1+u0)
)2
(
1 +A1eθ2 − α2e2θ18k21(k21+u0)
)4 , (4.6)
where θ1 = k1x +
−4k31−12u0k1
a t + δ1, θ2 = k2x +
2k32+12u0k2
a t + δ2 with k2 = k1 ±
√
−k21 − 4u0. For
u0 < −k
2
1
2 ≤ −k
2
1
4 and A1 > 0, the above solution is nonsingular and bounded.
Example 1. Let us take the parameters as k1 =
1
2 , u0 = −1, α = a = A1 = 1, δ1 = δ2 = 0. Hence one-soliton
solution of (3.2) becomes
|u(x, t)|2 = H1(x, t)
(1 + e(
1+
√
15
2 )x+4t + 27e
x+11t)4
, (4.7)
where
H1(x, t) = 1 + e
x+11t +
36
49
e2x+22t +
4
49
e3x+33t +
16
2401
e4x+44t +
8
49
e(3+
√
15)x+(33+3
√
15)t
+ 2e(
3+
√
15
2 )x+(
33−3√15
2 )t + e(2+
√
15)x+(22−3√15)t − (2
√
15 + 12)e(
3+3
√
15
2 )x+(
33−9√15
2 )t
− (2
√
15 + 12)e(
1+
√
15
2 )x+(
11−2√15
2 )t + (12
√
15 + 53)e(1+
√
15)x+(11−3√15)t − (8
√
15 + 20
49
)e(
5+
√
15
2 )x+(
55+3
√
15
2 )t.
(4.8)
The graph of the above solution is given in Figure 1.
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Figure 1: One-soliton solution for (3.2) with the parameters k1 =
1
2 , u0 = −1, α = a = A1 = 1, δ1 = δ2 = 0.
4.2 One-soliton solutions of the reduced nonlocal KdV equations
(i) v(x, t) = u(ε1x, ε2t), ε
2
1 = ε
2
2 = 1 (Nonlocal KdV equation).
Recall that the system (1.4) and (1.5) reduces to (3.3) consistently by this reduction if ε1 = ε2 = −1.
When we consider the reduction with the solutions u(x, t) and v(x, t) with Type 1 approach, we obtain that
k1 = k2 = 0 giving the trivial solution u(x, t) = u0. Therefore we apply Type 2 [8], [15]. In this case we have
two possibilities:
1)A1 = 0, u0 = v0, e
2δ1A2 = −1, (4.9)
2) c = 0, u0 = v0, A1e
δ2 = ±1. (4.10)
Take also all the parameters as real numbers.
(i).1) From the first set of the constraints we obtain the one-soliton solution of the reduced nonlocal
equation (3.3) as
u(x, t) = u0 +
c(ek1x+ω1t+δ1 − e3k1x+3ω1t+δ1)− 8k21e2k1x+2ω1t
(1− e2k1x+2ω1t)2 , (4.11)
where e2δ1 =
−8k21(k21+2u0)
c2 . This solution is a singular solution on the line k1x+ ω1t = 0.
(i).2) In the second case we have A2 = 0 and the one-soliton solution of the equation (3.3) is obtained as
u(x, t) = u0 + σ1
2k22e
k2x+ω2t
(1 + σ1ek2x+ω2t)2
, σ1 = ±1. (4.12)
Let σ1 = 1, k2, u0, a ∈ R. Then the above solution can be rewritten as
u(x, t) = u0 +
k22
2
sech2(k2x+ ω2t). (4.13)
This real-valued solution is nonsingular and bounded.
Example 2. Let us choose the parameters as k1 = 2, u0 = −1 giving k2 = 2, A1 = 1, δ2 = 0 satisfying
A1e
δ2 = 1, and a = 8. Hence one-soliton solution of (3.3) becomes
u(x, t) = −1 + 2sech2(2x− t). (4.14)
The graph of the above solution is given in Figure 2.
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Figure 2: One-soliton solution for (3.3) with the parameters k2 = 2, u0 = −1, a = 8.
(ii) v(x, t) = u¯(ε1x, ε2t), a = a¯ε1ε2, ε
2
1 = ε
2
2 = 1 (Nonlocal complex KdV equations).
If we use Type 1, we obtain the below constraints that must be satisfied by the parameters of the one-soliton
solution of the nonlocal reduced complex KdV equations (3.4),
k1 = ε1k¯1, v0 = u¯0 = u0, a = a¯ε1ε2 (4.15)
with the following possibilities:
1) c = −c¯, A1 = A¯1, eδ1 = eδ¯1 , eδ2 = eδ¯2 , (4.16)
2) c = c¯, A1 = A¯1, e
δ1 = −eδ¯1 , eδ2 = eδ¯2 , (4.17)
3) c = c¯, A1 = −A¯1, eδ1 = −eδ¯1 , eδ2 = −eδ¯2 , (4.18)
yielding A2 = A¯2, ω1 = ε2ω¯1, ω2 = ε2ω¯2, and k2 = ε1k¯2 for
u0 ≤ −k
2
1
4
. (4.19)
Here for finding one-soliton solutions of (3.4) we pick the constraints (4.15) with (4.16). We have three types
of nonlocal reduced complex equations and we will consider one-soliton solutions of them separately. Note
that we will mainly focus on some particular cases giving nonsingular and bounded solutions.
(a) S-reversal nonlocal complex KdV equation:
In this case, according to the constraints (4.15) and (4.16) with a = a¯ε1ε2 and (4.19), since (ε1, ε2) = (−1, 1)
we have k1 = −k¯1 and a = −a¯. Let k1 = iα1, k2 = iα1(1 ±
√
−1 + 4u0
α21
) = iα2, c = iα3, a = iα4 for
αj , j = 1, 2, 3, 4 ∈ R. Hence we obtain the one-soliton solution of the S-reversal nonlocal complex equation
(3.5) as
u(x, t) = u0 +
B1(x, t)
(B2(x, t))2
, (4.20)
where
B1(x, t) = iα3(e
iα1x+ω1t+δ1 +A1e
i(α1+α2)x+(ω1+ω2)t+δ1+δ2 +A2e
3iα1x+3ω1t+3δ1)
− 2α22A1eiα2x+ω2t+δ2 − 8α21A2e2iα1x+2ω1t+2δ1 − 2A1A2(2α1 − α2)2ei(2α1+α2)x+(2ω1+ω2)t+2δ1+δ2 (4.21)
and
B2(x, t) = 1 +A1e
iα2x+ω2t+δ2 +A2e
2iα1x+2ω1t+2δ1 , (4.22)
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where
ω1 =
4α31 − 12u0α1
α4
, ω2 =
−2α32 + 12u0α2
α4
, A2 =
α23
8α21(2u0 − α1)
. (4.23)
If we consider the real-valued solution we get
|u(x, t)|2 = H1(x, t)
(H2(x, t))2
, (4.24)
where
H2(x, t) = 1 + 2A1e
ω2t+δ2 cos(α2x) + 2A2e
2ω1t+2δ1 cos(2α1x) +A
2
1e
2ω2t+2δ2 +A22e
4ω1t+4δ1
+ 2A1A2e
(2ω1+ω2)t+2δ1+δ2 cos((2α1 − α2)x). (4.25)
Here H1(x, t) is a huge expression so we are not giving it here explicitly. We will consider some particular
cases.
(a) Let us consider the case when u0 =
α21
3 >
α21
4 yielding ω1 = 0. Let also A1 = 0. In this case we have
|u(x, t)|2 = H1(x, t)
4A22e
4δ1(B + cos(2α1x))2
, B =
1 +A22e
4δ1
2A2e2δ1
, (4.26)
where
H1(x, t) =
1
9
α41(A
4
2e
8δ1 + 1) + α23e
2δ1(A22e
4δ1 + 1) +
484
9
α41A
2
2e
4δ1 +
2
9
α41A
2
2e
4δ1 cos(4α1x)
+ 2A2e
2δ1(α23e
2δ1 − 22
9
α41(A
2
2e
4δ1 + 1)) cos(2α1x) +
2
3
α21α3A2e
3δ1(A2e
2δ1 − 1) sin(3α1x)
+ (
2
3
α21α3e
δ1(A32e
6δ1 − 1) + 44
3
α21α3A2e
3δ1(A2e
2δ1 − 1)) sin(α1x). (4.27)
For B > 1 or B < −1 the solution (4.26) is nonsingular and bounded solution.
Example 3. For this case choose the parameters as α1 =
1
2 , α3 = 1, δ1 = 0. This gives A2 = −6. Hence
one-soliton solution of (3.5) becomes
|u(x, t)|2 = 24049 + 8040 cos(x) + 72 cos(2x) + 16968 sin(
x
2 ) + 1008 sin(
3
2x)
144(37− 12 cos(x))2 . (4.28)
The graph of the above solution is given in Figure 3.
Figure 3: Periodic solution for (3.5) with the parameters α1 =
1
2 , α3 = 1, δ1 = 0.
(b) Let us assume that α3 = 0 i.e. A2 = 0, and u0 =
α22
6 i.e. ω2 = 0. Note that in this case α2 = (3±
√
3)α1.
Hence u0 =
α22
6 >
α21
4 . In this particular case, the solution (4.24) turns to be
|u(x, t)|2 = α
4
1(7± 4
√
3)[1 +A41e
4δ2 + 100A21e
2δ2 − (20A31e3δ2 + 20A1eδ2) cos(α1(3±
√
3)x) + 2A21e
2δ2 cos(2α1(3±
√
3)x)]
[(A1eδ2 + cos(α1(3±
√
3)x))2 + sin2(α1(3±
√
3)x)]2
.
(4.29)
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The above solution is nonsingular and bounded if A1e
δ2 < −1 or A1eδ2 > 1.
Example 4. Take α1 =
1
2 , α2 =
1
2 (3 +
√
3), A1 = 2, δ2 = 0. Hence one-soliton solution of (3.5) becomes
|u(x, t)|2 = (7 + 4
√
3)[417− 200 cos( 12 (3 +
√
3)x) + 8 cos((3 +
√
3)x)]
16[5 + 4 cos( 12 (3 +
√
3)x)]2
. (4.30)
The graph of the above solution is given in Figure 4.
Figure 4: Periodic solution for (3.5) with the parameters α1 =
1
2 , A1 = 2, δ2 = 0.
(b) T-reversal nonlocal complex KdV equation:
According to the constraints (4.15) and (4.16) with a = a¯ε1ε2 and (4.19), since (ε1, ε2) = (1,−1) here we
have k1 = k¯1 and a = −a¯. Let c = iα1 and a = iα2 for αj , j = 1, 2,∈ R yielding
ω1 =
i(4k31 + 12u0k1)
α2
= iα3, ω2 =
−i(2k31 + 12u0k1)
α2
= iα4, A2 = − α
2
1
8k21(k
2
1 + 2u0)
. (4.31)
Therefore we obtain the one-soliton solution of the T-reversal nonlocal complex equation (3.6) as
u(x, t) = u0 +
B1(x, t)
(B2(x, t))2
, (4.32)
where
B1(x, t) = iα1(e
k1x+iα3t+δ1 +A1e
(k1+k2)x+i(α3+α4)t+δ1+δ2 +A2e
3k1x+3iα3t+3δ1)
+ 2k22A1e
k2x+iα4t+δ2 + 8k21A2e
2k1x+2iα3t+2δ1 + 2A1A2(2k1 − k2)2e(2k1+k2)x+i(2α3+α4)t+2δ1+δ2 (4.33)
and
B2(x, t) = 1 +A1e
k2x+iα4t+δ2 +A2e
2k1x+2iα3t+2δ1 . (4.34)
Let us consider the real-valued solution |u(x, t)|2. We have
|u(x, t)|2 = H1(x, t)
(H2(x, t))2
, (4.35)
where
H2(x, t) = 1 + 2A2e
2k1x+2δ1 cos(2α3t) + 2A1e
k2x+δ2 cos(α4t) +A
2
1e
2k2x+2δ2 +A22e
4k1x+4δ1
+ 2A1A2e
(2k1+k2)x+2δ1+δ2 cos((2α3 − α4)t). (4.36)
Here again H1(x, t) is a huge expression so we are not expressing it here. Let us consider a particular case.
Take α1 = 0 yielding A2 = c = 0, and u0 = −k
2
2
6 giving α4 = 0. Note that in this case k2 = (3±
√
3)k1. The
solution (4.35) becomes
|u(x, t)|2 = k
4
1(7± 4
√
3)[1− 20A1e(3±
√
3)k1x+δ2 + 102A21e
2(3±√3)k1x+2δ2 − 20A31e3(3±
√
3)k1x+3δ2 +A41e
4(3±√3)k1x+4δ2 ]
[A1e(3±
√
3)k1x+δ2 + 1]4
.
(4.37)
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The above solution is nonsingular and bounded for A1 > 0.
Example 5. Take the parameters as k1 =
1
6 , k2 =
1
6 (3 +
√
3), A1 = 1, δ2 = 0. Hence one-soliton solution of
(3.6) becomes
|u(x, t)|2 = (7 + 4
√
3)[e
2
3 (3+
√
3)x − 20e 12 (3+
√
3)x + 102e
1
3 (3+
√
3)x − 20e 16 (3+
√
3)x]
1296(e
1
6 (3+
√
3)x + 1)4
. (4.38)
The graph of the above solution at is given in Figure 5.
Figure 5: One-soliton solution for (3.6) with the parameters k1 =
1
6 , k2 =
1
6 (3 +
√
3), A1 = 1, δ2 = 0.
(c) ST-reversal nonlocal complex KdV equation:
In this case according to the constraints (4.15) and (4.16) with a = a¯ε1ε2 and (4.19), since (ε1, ε2) =
(−1,−1) we have k1 = −k¯1 and a = a¯. Let k1 = iα1, k2 = iα1(1 ±
√
−1 + 4u0
α21
) = iα2, c = iα3 for
αj , j = 1, 2, 3 ∈ R yielding
ω1 =
i(4α31 − 12u0α1)
a
= iα4, ω2 =
i(−2α32 + 12u0α2)
a
= iα5, A2 =
α23
8α21(2u0 − α21)
. (4.39)
Therefore we obtain the one-soliton solution of the ST-reversal nonlocal complex equation (3.7) as
u(x, t) = u0 +
B1(x, t)
(B2(x, t))2
, (4.40)
where
B1(x, t) = iα3(e
iα1x+iα4t+δ1 +A1e
i(α1+α2)x+i(α4+α5)t+δ1+δ2 +A2e
3iα1x+3iα4t+3δ1)
+ 2A1k
2
2e
iα2x+iα5t+δ2 + 8k21A2e
2iα1x+2iα4t+2δ1 − 2A1A2(2α1 − α2)2ei(2α1+α2)x+i(2α4+α5)t+2δ1+δ2 (4.41)
and
B2(x, t) = 1 +A1e
iα2x+iα5t+δ2 +A2e
2iα1x+2iα4t+2δ1 . (4.42)
When we consider the real-valued solution |u(x, t)|2 we get
|u(x, t)|2 = H1(x, t)
(H2(x, t))2
, (4.43)
where
H2(x, t) = 1 + 2A2e
2δ1 cos(2α1x+ 2α4t) + 2A1e
δ2 cos(α2x+ α5t) +A
2
1e
2δ2 +A22e
4δ1
+ 2A1A2e
2δ1+δ2 cos((2α1 − α2)x+ (2α4 − α5)t). (4.44)
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Here also H1(x, t) is a huge expression so we are not giving it here explicitly. We will deal with some particular
cases.
(a) Consider the case when α3 = 0 yielding A2 = 0. In this case the solution (4.43) of the nonlocal complex
equation (3.7) becomes
|u(x, t)|2 = 4u0A1(u0 − α
2
2)e
δ2(1 +A21e
2δ2) cos(α2x+ α5t) + 2u
2
0A
2
1e
2δ2 cos(2α2x+ 2α5t) + 4A
2
1e
2δ2(u0 − α22)2
[(A1eδ2 + cos(α2x+ α5t))2 + sin
2(α2x+ α5t)]2
.
(4.45)
This solution is nonsingular and bounded if A1e
δ2 > 1 or A1e
δ2 < −1.
Example 6. Take the parameters of the solution (4.45) as α1 =
1
2 , u0 = 2, δ2 = 0, A1 = −4, and a = 4.
Hence the solution (4.45) turns to be
|u(x, t)|2 = 1284− 64(1 +
√
31)2 + 4(1 +
√
31)4 + (136(1 +
√
31)2 − 1088) cos(ψ) + 128 cos(2ψ)
[17− 8 cos(ψ)]2 , (4.46)
where ψ = 12 (1 +
√
31)x+ (3(1 +
√
31)− 116 (1 +
√
31)3)t. The graph of the above solution is given in Figure
6.
Figure 6: Periodic solution for (3.7) with the parameters α1 =
1
2 , u0 = 2, δ2 = 0, A1 = −4, a = 4.
(b) Here we again consider a particular case. Take A1 = 0. Therefore the solution (4.43) of the nonlocal
complex equation (3.7) becomes
|u(x, t)|2 = H1(x, t)
[(A2e2δ1 + cos(2α1x+ 2α4t))2 + sin
2(2α1x+ 2α4t)]2
, (4.47)
where
H1(x, t) = 2α3e
δ1 [2u0A2e
2δ1 − u0 − 2u0A22e4δ1 + u0A32e6δ1 − 8A2α21e2δ1 + 8A22α21e4δ1 ] sin(α1x+ α4t)
+ 2e2δ1A2[2u
2
0 − 8u0α21 + α23e2δ1 + 2u20A22e4δ1 − 8u0A22α21e4δ1 ] cos(2α1x+ 2α4t)
+ 2u0α3A2e
3δ1 [A2e
2δ1 − 1] sin(3α1x+ 3α4t) + 2u20A22e4δ1 cos(4α1x+ 4α4t) + u20
+ e2δ1 [α23 + 64A
2
2α
4
1e
2δ1 − 32u0A22α21e2δ1 + 4u20A22e2δ1 + α23A22e4δ1 + u20A42e6δ1 ]. (4.48)
This solution is nonsingular and bounded if A2e
2δ1 > 1 or A2e
2δ1 < −1.
Example 7. Choose the parameters of the solution (4.47) as α1 =
1
2 , u0 = 2, δ1 = 0, α3 = 5, a = 4. Therefore
the solution (4.47) becomes
|u(x, t)|2 = 68449 + 45780 sin(
1
2
x− 23
8
t) + 12600 sin( 3
2
x− 69
8
t) + 39660 cos(x− 23
4
t) + 7200 cos(2x− 23
2
t)
(60 cos(x− 23
4
t) + 109)2
. (4.49)
The graph of the above solution is given in Figure 7.
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Figure 7: Periodic solution for (3.7) with the parameters α1 =
1
2 , u0 = 2, δ1 = 0, α3 = 5, a = 4.
5 Conclusion
In this work, we have studied local and nonlocal reductions of the symmetrical HS system. The local reduc-
tions yield KdV and complex KdV equations. The nonlocal reductions of the HS system give several type of
new nonlocal KdV equations. These are time (T)-, space (S)-, and space-time (ST)-reversal nonlocal complex
KdV equations and space-time (ST)-reversal nonlocal KdV equation. By using the one-soliton solution of
the HS system and the reductions formulas we obtained the one-soliton solutions of the reduced local and
nonlocal KdV equations. Using our approach one can find also two and three soliton solutions of these KdV
equations.
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